We present a theory of quantum gravity that combines a geometrical formulation of quantum field theory in space-time with classical Einstein's general relativity. This approach is based on the geometrization of quantum mechanics proposed in refs. [1, 2] and combines quantum and gravitational effects into a global curvature of the Finsler's space associated to the 4N -dimensional configuration space of a N -particle system. In order to make this theory compatible with general relativity, the quantum effects are described in the framework of quantum field theory, where a covariant definition of 'simultaneity' for many-body systems is introduced through the definition of a suited foliation of space-time. As for Einstein's classical gravitation theory, the particles dynamics is finally described by means of a geodesic equation in a curved space-time manifold.
INTRODUCTION
The quest for a theory that conceals quantum theory with general relativity has attracted the interest of many researchers since the early sixties of the past century. However, no single theory has yet emerged as the leading one and, on the contrary, we have witnessed a fruitful proliferation of different approaches that lead to the development of new fields of research in mathematics and theoretical physics. A thorough summary of the different approaches is certainly beyond the purpose of this study and therefore we orient the interested readers towards the more specialized literature.
Following the 'classification' proposed by Rovelli [3] , the attempts to combine quantum theory with gravitation led to the development of several distinct, but also interconnected, theoretical models. The most promising among these candidates for quantum gravity is probably string theory. From a fundamental prospective string theory is developed from the quantum field theory of one-dimensional objects, the strings, which take the place of the original point particles. One of the vibrational states of the strings corresponds to the graviton, the quantum mechanical particle that carries the gravitational force [4] . Alternatively, other consistent theories of quantum gravity are obtained from the quantization, with different flavours, of the gravitational field and corresponding metric tensor, or of the space-time itself. The most successful among these theories is probably loop quantum gravity [5, 6] . In this case, space-time is quantized producing a granularity of space (quantum of space), which defines a minimum scale distance through which matter can travel, known as Planck length. At this scale, space is conceived as a 'tissue' of finite loops also known as spin networks, whose dynamics produces spin foams. Mathematically, these objects correspond to a generalization of the Feynman diagrammatic perturbation theory where instead of a graph, a higher dimentional 2-compex topological space is used [7, 8] . In addition to these two main research lines, there have been several other directions proposed, which include: Euclidean quantum gravity [9] based on Wick-rotation of the Minkowski space; twistor theory [10] , which maps Minkowski space to a new geometrical object in a complex coordinate space known as twistor space; and noncommutative quantum field theories that play an important role in M-theory [11] . Despite the beauty of the formalisms, none of these alternative theories has developed into a firm physical model of quantum gravity but they are mainly confined into the realm of mathematical hypotheses with limited experimental evidences.
To these well established theories for quantum gravity we also need to add a series of alternative approaches that aim at deriving a relativistic covariant formulation of quantum theory in the framework of Bohmian mechanics [12] [13] [14] and its field theory extension [15] . The first attempt to derive a fully consistent covariant version of Bohmian dynamics is due to DeWitt [16] and Jackiw [17] and was later followed by the extensions developed by Holland [18] . They showed that a consistent covariant formulation of Bohmian field theory is possible for both scalar and spinor fields leading to a new framework for a possible unification of quantum theory with gravitation. More recently, Dürr and coworkers [19] made an additional step in this direction showing how a relativistic space-time Bohmian theory of many-body dynamics can be achieved using a privileged foliation of space-time, the same that we will use in our approach. However, also in this case the purpose was to demonstrate the compatibility of Bohmian dynamics with general relativity and not the one of deriving a consistent theory of quantum gravity.
In this work, we will take a different path and propose a quantum gravity theory where the quantum fields produce a further curvature (in addition to the one induced by the energy-matter tensor) of an extended space-time through the action of the quantum potential, which then guides the time evolution of point particles along geodesic paths.
This new theory of quantum gravity is based on four fundamental pillars: the many-body field theory of relativistic particles, the Bohmian theory of quantum potential extended to field theories, the extension of space-time (pseudo-) Riemann geometry to Finsler's geometry [20] [21] [22] [23] and, ultimately, the generalization of Einstein's field theory from the 3N +1 dimensional manifold M and its tangent space TM to the Finsler's space TM (of dimension 2 × 4N ) and its tangent space TTM, where N is the number of particles considered. In the first section of this paper, we will present the many-body (Dirac) theory in the relativistic space-time manifold putting particular emphasis on the definition of a covariant concept of 'simultaneity' for general relativity [24] [25] [26] . This will allow us to define unambiguously the concept of a relativistic invariant many-body quantum potential. The third section will be devoted to the description of Finsler's geometry in the multi-time extended phase space, where the quantum potential enters in the definition of the metric tensor and the corresponding non-linear Cartan connection. Finally, in section four, we will formulate Einstein's field theory in the extended Finsler's space and describe its connection to the original classical theory formulated by Einstein in 1915 [27] .
THEORY

Relativistic field theory in a space-time manifold
In field theory, one can formulate a Dirac equation for a many-body system using the multi-time wavefunction
where the field operator ψ(x) for a particle i fulfils the Dirac field equation
and m i is the particle mass. So far, the theory is formulated for the case of free, non-interacting, Dirac particles. However, we can apply the perturbation theory for field operators to describe particle interactions and then use Eq.(2) to recover the interacting many-particle wavefunction from the interacting fields ψ(x i ) at different positions x i . The use of the many-time formulation with a time variable for each particle introduces the problem of the definition of simultaneity in general relativity. While in special relativity simultaneity acquires a clear physical meaning when an inertial frame is specified, in general relativity there is no global inertial frame and therefore the concept of 'equal-time events' remains ambiguous. However, as discussed in ref. [26] , in general relativity the concept of simultaneity can be replaced by the more general one of 'events belonging to the same three-dimensional space-like hypersurface' [24, 25, 29] . In this case, events belonging to the same space-like hypersurface occur at the same global time, s. The time variable, x 0 i , associated to each i-th particle of the system, x i , is therefore parametrized by s, which measures the progress of the dynamics of all particles. Further, the families of space-like hypersurfaces corresponding to different global times s define a slicing or foliation F of space-time with slices (or leafs) Σ s . More precisely, in general relativity the geometry of space-time is described by the Lorentzian manifold (M, g(x)) of dimension 3 + 1. At each point x in space-time the metric g(x) defines a linear space (T x M, g(x)) which is locally isometric to the Minkowski spacetime R 3+1 and defines the null cone N x = {X ∈ T x R 3+1 , g(x)(X, X) = 0}. In particular, the corresponding local Minkowski frame defines a spacelike plane of simultaneity that bisects the cone N x and that coincides locally with the selected hypersurface Σ s . It is worth mentioning, that -even though rigorous -the definition of the foliation F is somehow arbitrary. However, in the next section we will introduce a choice of F , which will generate fully covariant equations of motion for all particles.
The ensemble of the coordinates of all particles in the system is therefore characterized by the extended configuration
Lorentz invariant Bohmian dynamics in field theory
Central to the definition of dynamics in general relativity is the concept of mass particles. In the Bohmian interpretation of quantum theory, the field introduced in Eq. (3) and the corresponding many-particle wavefunction Ψ (Eq. (2)) are 'mathematical' quantities that guide the particle dynamics [1, 18] and are not directly related to any physical observable. In this letter, in order to preserve the particle nature of the relativistic formulation of Bohmian mechanics we will not pursue the Bohmian field theory approach in the so-called Schrödinger representation [15, 18] . Instead, we will use the many-time framework outlined above to formulate a relativistic invariant particle dynamics in which the Bohmian quantum potential is derived from the relativistic quantum fields and the related many-particle wavefunctions defined in Eqs. (2) and (3). For a detailed account on Bohmian field theory we referred to the specialized literature [18, 30, 31] .
Following [25] , we can define a particle dynamics in the extended configurations space of coordinatesx F N by means of the vector fieldẋ
where
and where n F µi (x) is the future-directed normal vector of the hyperplane Σ s at x i , . . . indicates that the term is omitted, K i is a constant, and
In Eq. (6), : : stands for normal ordering. For a covariant choice of the foliation (see [24, 25] ), the multi-tensor J µ1...µN (x N ) defines a covariant direction field for all particles, implying that the equation of motion in Eq. (4) is also covariant.
In this work, we propose a unified quantum gravity theory in which both quantum field theory and general relativity act on the curvature of space-time. To this end, as described in refs. [1, 2] , we need to define a quantum potential for the Dirac spin wavefunction in Eq. (2) . The quantum potential is given by
where [18, 32, 33] . Note that A 2 (x N ) corresponds to the probability density in the rest frame while the 0-component J 0...0 (x N )J 0...0 (x N ) is not Lorentz invariant [18] .
Finsler dynamics in relativistic quantum mechanics
Recently, a new geometrical description of quantum dynamics based on Finsler's geometry was introduced, which defines the metric tensor as a function of the positions and velocities in the cotangent bundle [1] . Within this formulation, matter points evolve along single quantum trajectories described by the geodesic of the curved phase space. This theory is strictly deterministic, as it does not rely on the probabilistic interpretation of the quantummechanical wavefunction. In fact, differently from Bohmian dynamics, the particle position is not described by a probability distribution, but is fully localized, whereas the wavefunction nature of quantum theory is absorbed into the geometry of the space. Originally, this dynamics was formulated in the extended phase space that includes time t (and therefore has dimension 2 × (3N + 1)), whereas the progress of the dynamics was measured in terms of a proper time parameter, τ .
In order to guarantee relativistic covariance, it is necessary to move to the multi-time framework already introduced in Eqs. (1)- (3) . The dimension of the multi-time phase space is now 2 × 4N . The generalization of the non-relativistic geodesic dynamics to the multi-time relativistic case requires the formulation of the equation of motion of each individual particle, separately. In the following, we will use the variable x = (x 1 , . . . , x N ) with x i = (x 0 i , x 1 i , x 2 i , x 3 i ) for the positions and y = (y 1 , . . . , y N ) with y i = (ẋ 0 i ,ẋ 1 i ,ẋ 2 i ,ẋ 3 i ) for the corresponding velocities, withẋ a i = ∂x a i /∂s (a ∈ {0, 1, 2, 3}) where s is the global time variable defined by the choice of the foliation F . For a specific particle of interest (any one of the ensemble) we associate the geodesic curve s → x(s) = ζ(s) with components (ζ 0 (s), . . . , ζ 3 (s)) and velocities s → y(s) =ζ(s) (using Einstein's summation convention and a, b, c = 0, . . . , 3)
is the non-linear Cartan connection (Appendix B) and Γ a bc = 1 2 g ad (g dc,b + g db,c − g bc,d ) are the generalized connections (with g ab,c = ∂ c g ab ≡ ∂g ab /∂ζ c , andζ(s) = ∂ s ζ(s)), g ab are the Finsler metric coefficients
where∂ a = ∂ζa i (see Appendix B) and In Bohiman mechanics, particles follow deterministic paths driven by the combined action of the classical and quantum potentials. In the quantum field theory extension formulated above, the Bohmian potential is fully determined by the quantum fields, which defines a quantum Lagrangian (Eq. (11)) that governs the dynamics of the associated particles. Note that in this picture, the fields describe the geometry associated to the particles and not the particles themselves, which remain point-like in nature and follow deterministic trajectories.
The relativistic covariant many-body matter Lagrangian [34] corresponding to Eq. (11) is defined as
where s is the 'global' time defined by the covariant foliation F . (As mention in the previous section, in this work we restrict the investigation to the case of a single, non-interaction spinor field.) We therefore write the covariant quantum Lagrangian for the particle i as
and the total covariant quantum Lagrangian becomes
whereζ 0 = N iζ 0 i . Following the definition in Eq. (10), we finally obtained the covariant relativistic Finsler metric (F (ζ,ζ) = L C (ζ,ζ))
which describes the evolution of point particle in Finsler's space under the influence of the covariant quantum field potential Q(ζ) defined in Eq. (7) . Note that in Eqs. (8)- (14), we used i for the index over the particles: i = 1, . . . , N , and a = 0, 1, 2, 3 represented the 4-coordinates of each particle. With Eq. (15) we introduce a new notation, where a, b are now global indices for both particle number and coordinates and run between 1 and 4N (a, b ∈ {1, . . . , dim(M) = 4N }); the tangent bundle (TM) has then dimension 2 × 4N . Within this formulation all quantum effects are absorbed into the evolution of the quantum field operators that obey the well-known dynamical field equations defined by the corresponding quantum field theory Lagrangians (see for instance [35] ). The geodesic equation (Eq. (8)) combined with the Finsler metric in Eq. (15) define the trajectory of a relativistic particle associated to a quantum field, which for instance can be visualized by the trace in a bubble chamber between the instants of creation and the one of annihilation. (Note that in this work we only consider non-interacting quantum fields and associated particles, and therefore the particle number is a conserved quantity). In the following section, we derive the simplest possible extension of this theory to general relativity.
Unified picture: quantum gravity in Finsler's space It is commonly assumed that the gravitation field equations can be derived from the variation of action
R is the Riemannian scalar curvature and the matter-action A m (ψ, A, . . . ) is a functional of the matter field (ψ), the electromagnetic field (A) and all other known interaction fields (G is the universal gravitational constant, and we use the units = c = 1). In classical general relativity, by setting δA(g, ψ, A, . . . ) = 0 one derives Einstein's field equations. The generalization of this procedure to classical (non-quantum) Finsler's spaces has been already successfully explored in the literature [36] . However, the extension of this approach to the quantum regime is beyond the scope of this investigation. In this explorative study, we will instead proceed by identifying the minimal set of modifications, which enable the derivation of a new set of extended field equations that reproduces Einstein's theory in the classical limit. The simplest extension of Einstein's gravitation theory to the Finsler's geometry in the cotangent bundle TM is achieved by constructing the TM curvature tensor from the linear Cartan connection together with the corresponding Ricci tensor and Ricci scalar (see Appendix B). The first assumption we make is that all quantum mechanical effects (in particular entanglement) are captured by the quantum potential and therefore the dynamics of the single particle can be resolved in its own sector of the N -particle tensor space defined in Eq. (1). In the following a, b, c ∈ {0, 1, 2, 3} label the base manifold M in the single particle sector of the N -particle Hilbert space,ā,b,c ∈ {4, 5, 6, 7} the corresponding fibre space, and A, B, C ∈ {0, 1, . . . , 7}. TM refers now to the single particle tangent bundle.
The field equations for the gravitation metric tensor g G are then obtained by combining the extended Einstein tensor in TM to the energy momentum tensor [22, 36] R c acb −
where simple indices a, b refer to the base manifold, M, andā,b to the fibre space, k G = 8πG/c 4 , R c acb , S c acb are the components of the curvature tensor, R, and 1 P ab and 2 P ab of the corresponding Ricci tensor in the tangent space of TM in the horizontal-vertical split basis (see Appendix B). Considering the minimal possible extension to Einstein's original formulation, we restrict to the case where Tā b = T ab = Tāb = 0 and the energy-momentum tensor for the Dirac fields ψ(x) of Eq. (3) is given by [37] 
where D a = ∂ a −ieA a , and A a is the QED vector potential (see below). In Eq. (22), γ a = γ i,µ = 1⊗· · ·⊗γ µ ⊗1⊗· · ·⊗1, ∂ a = ∂ i,µ = 1 ⊗ · · · ⊗ ∂ µ ⊗ 1 ⊗ · · · ⊗ 1 with γ µ and ∂ µ in position i, i ∈ {1, . . . , N }, µ ∈ {0, 1, 2, 3} andΨ = 1 √ N ! Ψ|ψ(x N ) . . .ψ(x 1 )|0 withψ = ψ † γ 0 .
The classical limit. The generalization of a well established and verified theory is only valid when it can correctly reproduce the corresponding equations in the appropriate limit case. The classical limit of the Lagrangian in Eq. (14) is obtained by setting Q(ζ) to zero (obtained also by setting → 0). The Finsler metric for a test particle i becomes
which defines a Riemannian metric space (with the metric tensor depending on positions only). In this case, the Finsler non-linear connection coincides with the covariant derivate defined for the based manifold, M, and the connection coefficients simplify to N a b (x, y) = Γ a bc y c . Here Γ a bc are the Christoffel symbols and the curvature obtained from N a b (x, y) becomes the standard Riemann curvature. Since we are now confined to the base manifold and its tangent space (the tangle bundle TM), the mixed Finsler's curvature elements in the tangent space of TM, S c acb , P c acb and W c acb all vanish. From Eq. (18), we then recover the classical Einstein's field equations,
The case where gravity can be neglected and the dynamics is controlled by the quantum potential has been already successfully discussed in refs. [1, 2] .
Eqs. (18)- (22) together with the definition of the Finsler space Lagrangian L C (Eq. (14) ), the corresponding metric g LC (Eq. (15)) and the quantum potential Q(x N ) (Eq. (7)) constitute the main results of this work.
The interacting field contribution. Even though a thorough investigation of the extension of the energy-momentum tensor to the tangent bundle TM goes beyond the scope of this work, it is simple to give a flavour of its implications by looking at the extended electromagnetic field theory. In the case of charged particles, the electromagnetic interaction is mediated through the action of the 4-vector potential A(x). In Finsler space, A(x) acquires an extra dependence on the velocity variables and its components, A(x, y), are 0-homogeneous in y. The corresponding generalized Faraday 2-form is defined as F = dA or, in local coordinates, F = 1 2 F ab dx a ∧ dx b + F ab dx a ∧ δyb with components F ab = δ a A b − δ b A a and F ab = −∂bA a . The sources of the electromagnetic field are given by the 4-currents [38] defined on the spacelike hypersurface Σ s is the usual way, j(x Σs ) = is spatial part of the 4-coordinates of particle i, x Σs i ). The total current defines the horizontal components j a (x Σs ) of a vector field in TM. However, the energy-momentum conservation law in Finsler geometry implies the appearance of vertical components of the current, which are not present in pseudo-Riemannian general relativity, and leads to the general form j = j a δ a +jā∂ā (see Appendix B for the definitions of δ a and∂ā). Note that for A a (x) function of the x-coordinates only, it follows that jā = 0. The extended energy-momentum tensor in TM is then obtained from the variation of the action S F = − 1 16πc F ⋆ F d 4 x ∧ d 4 y, with respect to the spacetime metric an the nono-linear connection N , where ⋆ is the Hodge dual [39] . This leads to
with
where g ab = 0 [39] .
CONCLUSIONS
Most approaches to quantum gravity start from Einstein's classical field theory and derive a coherent and, possibly, renormalizable quantization of the gravitational field i.e., the metric tensor of a pseudo-Riemannian manifold. In this work, we addressed quantum gravity from the opposite prospective, proposing a theory in which all quantum effects are included into the curvature of a non-Riemannian Finsler's space. Following the work on the geometrization of quantum mechanics presented in refs. [1, 2] , we first generalized the formalism to make the theory relativistic covariant introducing the concept of many-times field theory together with a relativistic invariant definition of 'simultaneity' in general relativity. We then proceeded with the definition of the quantum mechanical potential that contributes to the composition of the metric tensor in the extended 2 × (4N ) dimensional Finsler's space. The new theory is fully covariant, incorporates all quantum mechanical effects and reproduces Einstein's classical gravitation theory in the limit in which the quantum potential vanishes. Finally, the additional components of the energy-momentum tensor appearing in Eqs (19)- (21) allow for the incorporation of new phenomena that still do not have an explanation within classical general relativity and that are commonly associated with the presence of dark matter and dark energy.
Appendix A
The N -particle spinor wavefunction, Ψ(x 1 , x 2 , . . . , x N ) ∈ (C 4 ) ⊗N , depends on N electron coordinates x i in Minkowski space and N spinor indices s i ∈ {1, 2, 3, 4} [40] . The meaning of Ψ(x 1 , x 2 , . . . , x N ) becomes more evident if we use the expansion in a given one-particle basis of length K ≥ N ,
and a ∈ S with
In this appendix, we review the main aspects of Finsler geometry that are related to the subject of this work. For a more detailed account on this subject the interested reader should refer to the specialized literature [20, 41] . A point in the tangent bundle TM is represented by the coordinates (x 1 , . . . , x n , y 1 , . . . , y n ), where M is the base manifold of dimension n = 4N , and N is the number of particles. The tangent space of TM is described by the coordinates (with C a bc (x, y) = g ad (x, y)C dbc (x, y)) or, in a more compact form,
where g ab (x, y) is the inverse of g ab (x, y) and Γ a bc = g aq (∂ b g qc + ∂ c g qb − ∂ q g bc ) (removing the dependence on x and y). Note that while the Cartan non-linear connection is unique, linear connections are not and therefore alternative definitions are also possible [36] . The horizontal part of the curvature l R(δ a , δ b )(.) is then given by 
